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Inferring Uncertain Parameters
Uncertain parameters in repository safety assessment

Challenges of uncertain physical parameters1 for THM simulation:
• observations of crucial input parameters often indirect, always noisy
• spatial variability, anisotropy ☞ Poster Aqeel Chaudry
• available data: often only best estimate,

sometimes min, max, confidence interval
• original measurement values/conditions often not reported
• only independently determined values reported
• ☞ Poster Sibylle Mayr
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Table 1
Input parameters for sensitivity analysis.
Source: Data based on Refs. 36, 49.
Parameter Symbol/Unit Min Max Mean Std. Dev. Distribution

Total thermal conductivity K/Wm*1 K*1 1.29 2.45 1.79 0.34 Truncated normal
Total specific heat capacity C/J kg*1 K*1 774 1182 978 68 Normal
Total density ⇢/kgm*3 2420 2540 2480 30 Truncated normal
Young’s modulus E/Pa 5.5 � 109 20.1 � 109 12.8 � 109 3.7 � 109 Truncated normal
Volumetric thermal expansion
coefficient of solid skeleton

as/K*1 3 � 10*5 7.5 � 10*5 5.25 � 10*5 – Uniform

Intrinsic permeability ks/m2 7.8 � 10*21 2.2 � 10*19 5.6 � 10*20 5.5 � 10*20 Truncated normal
Poisson’s ratio ⌫/* 0.2 0.4 0.3 * Triangular
Porosity �/* 0.097 0.185 0.15 0.0276 Truncated normal

Fig. 2. Analytical solution at t À [t1 , t10] at r À {r1 ,… , r10} for parameter settings ‘min’, ‘mean’ and ‘max’ as given in Table 1.

3. Local sensitivity analysis (OVAT)

Local sensitivity analysis is commonly referred to as one-variable-
at-time (OVAT), one-function-at-time (OFAT) or univariate sensitivity
analysis. The computational cost of a comprehensive sensitivity analy-

sis increases significantly with the number of input parameters. Thus,
before performing an extensive SA, an initial screening can be helpful
to simplify the model by eliminating input parameters deemed insignif-
icant. So we performed the OVAT analysis in two stages; initial OVAT
screening and full-range OVAT analysis which are discussed below.

1Aqeel Afzal Chaudhry, Jörg Buchwald, and Thomas Nagel. “Local and global spatio-temporal sensitivity
analysis of thermal consolidation around a point heat source”. In: International Journal of Rock Mechanics
and Mining Sciences 139 (2021), p. 104662. DOI: 10.1016/j.ijrmms.2021.104662.
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data2
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Depth observations of
• porosity φ
• thermal conductivity λ
• Saturated measurements of λ

difficult to obtain.
Best estimate of λ?

• temperature T
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INTRODUCTION

Chesapeake Bay Impact Structure

The late Eocene (35.7 Ma) Chesapeake Bay impact struc-
ture in Virginia, USA, is one of the largest marine impact struc-
tures known on Earth, with a diameter of ~85 km (e.g., Gohn 
et al., 2006a; Poag et al., 2004). The impact structure can be 
divided into an ~38-km-wide central crater, which includes a 
central uplift surrounded by a moat, and an unusually wide annu-
lar trough (Fig. 1). This “sombrero-shaped” morphology of the 
structure is presumably the result of large competence contrasts 
of the three target layers (seawater, poorly consolidated sedi-
ments, and crystalline basement) (e.g., Edwards et al., 2003; Col-
lins and Wünnemann, 2005).

After extensive geophysical fi eld measurements and vari-
ous boreholes drilled into the structure (e.g., Horton et al., 2005; 
Edwards et al., 2003; Catchings et al., 2001), the International 
Continental Scientifi c Drilling Program (ICDP)–U.S. Geological 
Survey (USGS) boreholes at Eyreville, ~9 km from the center 

variable mineral and clast compositions of the samples. The physical properties of 
the rocks of the lowermost basement-derived section are also heterogeneous and are 
 interpreted as having been infl uenced by both lithology and overprinting as a result 
of the impact process. These results are important for further lithological and petro-
physical interpretation and for calibrating future geophysical models of the Chesa-
peake Bay impact structure.

Figure 1. Regional map showing the location of the International Con-
tinental Scientifi c Drilling Program (ICDP)–U.S. Geological Survey 
(USGS) Eyreville drill site within the Chesapeake Bay impact struc-
ture (from Gohn et al., 2006).

of the impact structure, were drilled in 2005 in the moat around 
the central uplift (e.g., Gohn et al., 2006b, 2008, this volume). 
The drilling recovered three cores (Eyreville A, B, and C) that 
accumulate to a continuously cored profi le to a fi nal depth of 
1766 m. Problems with lost mud circulation and swelling clays 
in the original hole Eyreville A (coring started at 132 m) led to 
deviation of the drill bit from Eyreville A, so that a new hole, 
Eyreville B, had to be started at a depth of 738 m (Fig. 2; Gohn et 
al., 2006a, 2008, this volume).

The drilling project was carried out in order to provide infor-
mation on the impact structure, depth, morphology, formative 
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Crater Drilling Project
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Figure 2. Composite geologic section and cored intervals for the 
ICDP-USGS Eyreville drilling (after Gohn et al., 2008).

2Philipp Heidinger et al. “First results of geothermal investigations, Chesapeake Bay impact structure,
Eyreville core holes”. In: The ICDP-USGS Deep Drilling Project in the Chesapeake Bay impact structure:
Results from the Eyreville Core Holes. Geological Society of America, 2009. DOI: 10.1130/2009.2458(39).
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1766 m. Problems with lost mud circulation and swelling clays 
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deviation of the drill bit from Eyreville A, so that a new hole, 
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Figure 2. Composite geologic section and cored intervals for the 
ICDP-USGS Eyreville drilling (after Gohn et al., 2008).
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2Philipp Heidinger et al. “First results of geothermal investigations, Chesapeake Bay impact structure,
Eyreville core holes”. In: The ICDP-USGS Deep Drilling Project in the Chesapeake Bay impact structure:
Results from the Eyreville Core Holes. Geological Society of America, 2009. DOI: 10.1130/2009.2458(39).
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Approach 1: Infer from porosity using mixing models and λS
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Uncertainty-guided interpretation of thermal measurements in sedimentary units

3.7. Theory of Modelling: OGS One-dimensional stochastic heat conduction
SiM: @Max: here is space for your contribution
MB: Kopiere hier erstmal einfach Sachen also Arbeitsgrundlage rein.

S1
S2
S3

S4

GG

130 m
200 m
270 m
340 m

444 m

600 m

Figure 5: Coloring of the
homogeneous structural re-
gions with depth in meter.

number abbr name
0 S1 clay
1 S2 no name
2 S3 Calcareous clay - 1
3 S4 Calcareous clay - 2
4 GG Exmore

Table 1: Abbreviations of the homo-
geneous structural regions

Consider the example of one-dimensional time-independent heat conduction, as described in equation 3. We define
a one-dimensional domain with four di�erent material groups, so-called homogeneous areas (HA), as seen in figure 5.
We can solve the equation 3 analytically layer-wise for Grad T , i.e.,

( Grad T )i = * q
�i

, i À {0, 1, 2, 3, 4} . (7)

We can solve this for T := T (z), z À [130, 600] if a temperature at the top of the column is fixed at 17.82 ˝C and
the heat flow q is known. The following three mixing models that are a linear mixing �AM, a second, alternative linear
mixing �AMCP, and a geometric mixing �geo, are used to determine the thermal conductivity of the medium:

� := �AM(�, �F, �S) = � � �F + (1 * �)�S , (8)
� := �AMCP(�, �F, �S, �c = 0.8) = �

�c
� �F + (1 * �

�c
)�S , and (9)

� := �geo(�, �F, �S) = ��F � �1*�S , (10)
where �S is the solid’s thermal conductivity, �F is the fluid’s thermal conductivity, � is the porosity of the medium and
�c is a critical porosity.
Furthermore, we assume the existence of a probability space (⌦,⌃, P ), where ⌦ is a sample space, ⌃ is an event space,
and P is a probability function. We then assume that the porosity, the solid’s thermal conductivity, and the heat flow
are stochastic quantities. For each layer, we define independent uniform distributions for the porosity and the solid’s
thermal conductivity, and for all layers, one uniform distribution of the heat flow, as seen in 2. This results in a total of
eleven stochastic dimensions for this one-dimensional heat conduction problem.

HA porosity arithmetic mixing (AM) AM critical porosity geometric mixing heat flow
�S �F �S �F �S �F
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1.9…4.0

0.6
3.28…5.67
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4 0.300…0.400 1.981…3.679 2.989…4.989 3.13…3.98
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are stochastic quantities. For each layer, we define independent uniform distributions for the porosity and the solid’s
thermal conductivity, and for all layers, one uniform distribution of the heat flow, as seen in 2. This results in a total of
eleven stochastic dimensions for this one-dimensional heat conduction problem.

HA porosity arithmetic mixing (AM) AM critical porosity geometric mixing heat flow
�S �F �S �F �S �F

0 0.380…0.460 1.82…3.38

0.6
1.9…4.0

0.6
3.28…5.67

0.6 0.059..0.071
1 0.425…0.605 1.82…3.38 1.9…4.0 3.28…5.67
2 0.580…0.640 1.82…3.38 1.9…4.0 2.98…5.20
3 0.460…0.500 1.82…3.38 1.475…3.475 2.64…4.01
4 0.300…0.400 1.981…3.679 2.989…4.989 3.13…3.98

Table 2: Parameters

Mayr et al.: Preprint submitted to Elsevier Page 8 of 14

• Determine layer boundaries from porosity
observations, mineralogy

• Obtain best fit via mixing model (AMCP) and
expert judgment using temperature data.
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Approach 2: Invert T measurements for λ (based on Ttop, qbottom)

Fourier’s law + conservation of energy
; 1D boundary value problem relating λ = λ(z) with T = T (z)

(λT ′)′ = 0, z0 < z < z∞,

T |z=z0 = T0,

λT ′|z=z∞ = q∞.
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Approach 2: Invert T measurements for λ (based on Ttop, qbottom)

Fourier’s law + conservation of energy
; 1D boundary value problem relating λ = λ(z) with T = T (z)

(λT ′)′ = 0, z0 < z < z∞,

T |z=z0 = T0,

λT ′|z=z∞ = q∞.

Given temperature measurements {T (zj)}nj=1, estimate λ (piecewise constant)
by least squares (LS) minimization

n∑
j=1

[T (zj ;λ)− Tj ]
2 → min

λ
,
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Modeling uncertainty via Bayesian inference

Procedure:
1 Prior: model uncertain λ = λ(z) as random function drawn from a

probability distribution µ0 on C [z0, z∞].

2 Data: inform prior distribution by incorporating temperature measurements
{T (zj)}nj=1.

3 Posterior: model reduced uncertainty in λ due to measurements by
conditional distribution µ = µ0|{T (zj)}nj=1

4 Statistics: infer statements on λ from statistics of posterior distribution
such as posterior mean

λ := Eλ∼µ [λ.]
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Modeling uncertainty via Bayesian inference

Prior distribution: Correlated Gaussians at layer centers

    222.85452,
    231.989376,
    241.230912,
    249.99696,
    259.44576,
    268.6812,
    273.0693168,
    282.0109463,
    286.75584,
    313.782456,
    323.65188,
    331.97292,
    351.663,
    359.784396,
    363.745935,
    368.86896,
    387.33984,
    396.175992,
    424.14444,
    443.61354,
    446.7453674,
    450.92112,
    460.23276,
    469.154256,
    473.8420726,
    496.85448,
    506.2728,
    533.73528,
    542.28492,
    551.56608,
    555.4217963,
    561.04536,
    579.6534,
    600, #need this
])

import numpy as np

def lmbda_func(lmbda, layers):
    def kappa(x):
        #values = np.zeros_like(x)
        values = 0. #np.zeros_like(x)
        for i in range(len(layers)-1):
            if i < len(layers) - 2:
                values += (x[0] >= layers[i]) * (x[0] < layers[i + 1]) * lmbda[i]
            else:
                values += (x[0] >= layers[i]) * lmbda[i]
        return np.exp(values)
    return kappa

def solve_pde(lmbda):
    k.interpolate(lmbda_func(lmbda, layers))

    a = inner(k * grad(u), grad(v)) * dx
    L =  inner(g, v) * ds
    problem = fem.petsc.LinearProblem(a, L, bcs=[bc], petsc_options={"ksp_type": "preonly", "pc_type": "lu"})
    uh = problem.solve()
    
    return uh

xvec = V.tabulate_dof_coordinates()[:,0]

from scipy.optimize import minimize

lmbda_mayr = np.log(np.array([1.7, 1.44, 1.16, 1.35, 2.51]))
layers_mayr = [130, 200, 270, 340, 444, 600]

reg = 10

fig, ax = plt.subplots(2,3,figsize=(30, 16))
fig1, ax1 = plt.subplots(2,3,figsize=(30, 16))

for i, p in enumerate([0.2, 0.4, 0.6, 0.8, 0.9, 0.95]):
    print(i)
    lmbda = np.log(2 * np.ones(len(layers)-1))
    
    def loss(lmbda):
        uh = solve_pde(lmbda)
        Th = np.interp(zref, xvec, uh.vector.array)

        diff = Th - Tref
        return np.dot(diff, diff) + reg * np.linalg.norm(lmbda, ord=p)
    
    sol = minimize(loss, lmbda, method='Nelder-Mead')
    solpde = solve_pde(sol.x)
    Th = np.interp(zref, xvec, solpde.vector.array)
    diff = Th-Tref

    ax1[i // 3, i % 3].plot(zref, diff)
    ax1[i // 3, i % 3].set_ylim((-0.3, 0.3))
    ax1[i // 3, i % 3].set_ylabel(r'$T_{\mathrm{sol}} - T_{\mathrm{ref}}$')
    ax1[i // 3, i % 3].set_xlabel(r'$z \, [ \mathrm{m} ]$')
    
    ax[i // 3, i % 3].hlines(y=np.exp(lmbda_mayr), xmin=layers_mayr[0:-1], xmax=layers_mayr[1:], label='Sibylle')
    ax[i // 3, i % 3].hlines(y=np.exp(sol.x), xmin=layers[0:-1], xmax=layers[1:], color='r', label='LS-Fit, N Schichten')
    ax[i // 3, i % 3].hlines(y=np.exp(lambda_with_5_layers), xmin=layers_mayr[0:-1], xmax=layers_mayr[1:], color='orange', label='LS-Fit, 5 Schichten')
    ax[i // 3, i % 3].legend(loc='lower right')
    ax[i // 3, i % 3].set_ylabel(r'$\lambda \, \left[ \frac{\mathrm{mW}}{\mathrm{m} \cdot \mathrm{K}} \right]$')
    ax[i // 3, i % 3].set_xlabel(r'$z \, [ \mathrm{m} ]$')
    ax[i // 3, i % 3].set_title(f'p={p}, reg={reg}')

0
1
2
3
4
5

uh = solve_pde(lmbda)
Th = np.interp(zref, xvec, uh.vector.array)

diff = Th - Tref

np.dot(diff, diff), reg * np.linalg.norm(lmbda, ord=0.9)

(38000.3419566846, 476.1329686124287)

sol

       message: Maximum number of function evaluations has been exceeded.
       success: False
        status: 1
           fun: 403.91673658465265
             x: [ 9.130e-01  1.364e+00 ...  6.597e-01  1.286e+00]
           nit: 7921
          nfev: 9000
 final_simplex: (array([[ 9.130e-01,  1.364e+00, ...,  6.597e-01,
                         1.286e+00],
                       [ 9.020e-01,  1.368e+00, ...,  6.601e-01,
                         1.281e+00],
                       ...,
                       [ 9.028e-01,  1.370e+00, ...,  6.695e-01,
                         1.283e+00],
                       [ 8.945e-01,  1.372e+00, ...,  6.751e-01,
                         1.282e+00]]), array([ 4.039e+02,  4.040e+02, ...,  4.043e+02,  4.043e+02]))

Handcrafted Reg
def load_data():
    zref, Tref = np.hsplit(np.loadtxt("temp_data.csv",skiprows=1, delimiter=';'),2)
    idx = (zref>130) & (zref <600)
    zref = zref[idx]
    Tref = Tref[idx]
    return zref, Tref

zref, Tref = load_data()

layers = np.array([
    130, #need this
    131.65836,
    140.42136,
    149.61108,
    153.9907002,
    158.581344,
    167.73144,
    176.57064,
    185.95848,
    195.42252,
    204.70368,
    212.927184,
    222.85452,
    231.989376,
    241.230912,
    249.99696,
    259.44576,
    268.6812,
    273.0693168,
    282.0109463,
    286.75584,
    313.782456,
    323.65188,
    331.97292,
    351.663,
    359.784396,
    363.745935,
    368.86896,
    387.33984,
    396.175992,
    424.14444,
    443.61354,
    446.7453674,
    450.92112,
    460.23276,
    469.154256,
    473.8420726,
    496.85448,
    506.2728,
    533.73528,
    542.28492,
    551.56608,
    555.4217963,
    561.04536,
    579.6534,
    600, #need this
])

import numpy as np

def lmbda_func(lmbda, layers):
    def kappa(x):
        #values = np.zeros_like(x)
        values = 0. #np.zeros_like(x)
        for i in range(len(layers)-1):
            if i < len(layers) - 2:
                values += (x[0] >= layers[i]) * (x[0] < layers[i + 1]) * lmbda[i]
            else:
                values += (x[0] >= layers[i]) * lmbda[i]
        return np.exp(values)
    return kappa

def solve_pde(lmbda):
    k.interpolate(lmbda_func(lmbda, layers))

    a = inner(k * grad(u), grad(v)) * dx
    L =  inner(g, v) * ds
    problem = fem.petsc.LinearProblem(a, L, bcs=[bc], petsc_options={"ksp_type": "preonly", "pc_type": "lu"})
    uh = problem.solve()
    
    return uh

xvec = V.tabulate_dof_coordinates()[:,0]

from scipy.optimize import minimize

lmbda_mayr = np.log(np.array([1.7, 1.44, 1.16, 1.35, 2.51]))
layers_mayr = [130, 200, 270, 340, 444, 600]

theta = 1.4
beta = 5

fig, ax = plt.subplots(2,3,figsize=(30, 16))
fig1, ax1 = plt.subplots(2,3,figsize=(30, 16))

for i, reg in enumerate([0, 0.01, 0.1, 1, 10., 100.,]):
    print(i)
    lmbda = np.log(2 * np.ones(len(layers)-1))
    
    def loss(lmbda):
        uh = solve_pde(lmbda)
        Th = np.interp(zref, xvec, uh.vector.array)

        diff = Th - Tref
        absv = np.abs(np.diff(np.exp(lmbda)))
        return np.dot(diff, diff) + reg * np.sum(absv + beta * absv * (absv > theta))
    
    sol = minimize(loss, lmbda, method='L-BFGS-B')
    solpde = solve_pde(sol.x)
    Th = np.interp(zref, xvec, solpde.vector.array)
    diff = Th-Tref

    ax1[i // 3, i % 3].plot(zref, diff)
    ax1[i // 3, i % 3].set_ylim((-0.15, 0.15))
    ax1[i // 3, i % 3].set_ylabel(r'$T_{\mathrm{sol}} - T_{\mathrm{ref}}$')
    ax1[i // 3, i % 3].set_xlabel(r'$z \, [ \mathrm{m} ]$')
    
    ax[i // 3, i % 3].hlines(y=np.exp(lmbda_mayr), xmin=layers_mayr[0:-1], xmax=layers_mayr[1:], label='Sibylle')
    ax[i // 3, i % 3].hlines(y=np.exp(sol.x), xmin=layers[0:-1], xmax=layers[1:], color='r', label='LS-Fit, N Schichten')
    ax[i // 3, i % 3].hlines(y=np.exp(lambda_with_5_layers), xmin=layers_mayr[0:-1], xmax=layers_mayr[1:], color='orange', label='LS-Fit, 5 Schichten')
    ax[i // 3, i % 3].legend(loc='lower right')
    ax[i // 3, i % 3].set_ylabel(r'$\lambda \, \left[ \frac{\mathrm{mW}}{\mathrm{m} \cdot \mathrm{K}} \right]$')
    ax[i // 3, i % 3].set_xlabel(r'$z \, [ \mathrm{m} ]$')
    ax[i // 3, i % 3].set_title(f'Reg = {reg}')
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Prior Test: std=1
lambda_mean = np.mean(lambda_with_5_layers) # this is on the log-scale

np.exp(lambda_with_5_layers)

array([1.80208503, 1.45131667, 1.13446133, 1.30802551, 2.54442423])

# number of terms in series expansion
N = 1000 
std = 1

# constants for the prior
Ns = np.arange(N + 1).reshape(-1,1)
Ns[0] = 1 # we want lambda_0 = 1 / pi^2
l = std / (np.pi * Ns)
phi_z = lambda t: np.sin(Ns * np.pi/470 * (t - 130)) / np.sqrt(470 / 2)

phis = phi_z(xvec)
phis[0, :] = 1 / 470

def sample_prior(n_sample):
    """Sample Lognormal Prior"""
    U = np.random.randn(n_sample, N + 1) * l.T
    return U @ phis

samples = sample_prior(100)

def prior_to_lambda(u):
    return np.exp(u + lambda_mean) 

np.exp(lambda_with_5_layers)

array([1.80208503, 1.45131667, 1.13446133, 1.30802551, 2.54442423])

samples = prior_to_lambda(samples)

plt.plot(xvec, samples.T);

lambda_with_5_layers

array([0.58894434, 0.3724712 , 0.12615794, 0.26851876, 0.93390439])

 

 

Bayes 5 Schichten, Logn
layers_mayr = np.array([130, 200, 270, 340, 444, 600])
z_midpoints = np.diff(layers_mayr) / 2 + layers_mayr[:-1]
np.random.seed(10)

lambda_mean = np.mean(lambda_with_5_layers) # this is on the log-scale

# number of terms in series expansion N = 1000 # constants for the prior Ns = np.arange(N + 1).reshape(-1,1) Ns[0] = 1 # we want lambda_0 = 1 / pi^2 l = 1 / (np.pi * Ns) phi_z = lambda t: np.sin(Ns * np.pi/12 * t) / np.sqrt(6) phis = phi_z(z_midpoints) phis[0, :] = 1 / 12 def sample_prior(n_sample): """Sample Lognormal Prior""" U = np.random.randn(n_sample, N + 1) * l.T return U @ phis

# number of terms in series expansion
N = 1000 
std = 10

# constants for the prior
Ns = np.arange(N + 1).reshape(-1,1)
Ns[0] = 1 # we want lambda_0 = 1 / pi^2
l = std / (np.pi * Ns)
phi_z = lambda t: np.sin(Ns * np.pi/470 * (t - 130)) / np.sqrt(470 / 2)

phis = phi_z(z_midpoints)
phis[0, :] = 1 / 470

def sample_prior(n_sample):
    """Sample Lognormal Prior"""
    U = np.random.randn(n_sample, N + 1) * l.T
    return U @ phis

samples = sample_prior(100)

def prior_to_lambda(u):
    return np.exp(u + lambda_mean) 

samples = prior_to_lambda(samples)

for sample in samples:
    plt.hlines(y=sample, xmin=layers_mayr[0:-1], xmax=layers_mayr[1:], alpha=0.2);
plt.vlines(layers_mayr, 0, 3.0, linestyles='--', color='red')

<matplotlib.collections.LineCollection at 0x7f292cf5a050>

 

def load_data():
    zref, Tref = np.hsplit(np.loadtxt("temp_data.csv",skiprows=1, delimiter=';'),2)
    idx = (zref>130) & (zref <600)
    zref = zref[idx]
    Tref = Tref[idx]
    return zref, Tref

zref, Tref = load_data()

def lmbda_func(lmbda, layers):
    def kappa(x):
        #values = np.zeros_like(x)
        values = 0. #np.zeros_like(x)
        for i in range(len(layers)-1):
            if i < len(layers) - 2:
                values += (x[0] >= layers[i]) * (x[0] < layers[i + 1]) * lmbda[i]
            else:
                values += (x[0] >= layers[i]) * lmbda[i]
        return np.exp(values + lambda_mean)
    return kappa

def solve_pde(lmbda):
    k.interpolate(lmbda_func(lmbda, layers_mayr))

    a = inner(k * grad(u), grad(v)) * dx
    L =  inner(g, v) * ds
    problem = fem.petsc.LinearProblem(a, L, bcs=[bc], petsc_options={"ksp_type": "preonly", "pc_type": "lu"})
    uh = problem.solve()
    
    return uh

xvec = V.tabulate_dof_coordinates()[:,0]

def observe_T(uh):
    Th = np.interp(zref, xvec, uh.vector.array)
    return Th

noise = 1

zdiff = np.diff(zref)

sol = solve_pde(lambda_with_5_layers - lambda_mean)
Th = observe_T(sol)
diff = Th-Tref

var = diff.var()

var

0.0018485002164260681

var *= 1000

var = 0.5

def phi(lmbda, T_obs):
    sol = solve_pde(lmbda)
    Th = observe_T(sol)
    diff = (Th-T_obs)[:-1]
    #return -0.5 * np.sum(diff * diff * zdiff) / noise
    return -0.5 * np.sum(diff * diff) / var

def MCMC(lmbda0, T_obs, stepsize, M, M_start):
    lmbda0 = lmbda0.flatten()
    M = M + M_start 
    lmbda = np.zeros((M, len(lmbda0)))
    lmbda[0, :] = lmbda0
    Uni = np.random.rand(M)
    Prior = sample_prior(M) 

    accepted = []  
    for i in range(M - 1):
        if (not (i % 100)) & (i > 0): print(f'Iter {i}, accepted: {np.mean(accepted[-100:])}')
        u = lmbda[i, :]
        # v = np.sqrt(1 - stepsize ** 2) * u + stepsize * Prior[i, :] # pCN Proposal
        v = u + stepsize * Prior[i, :] # RW Proposal

        alpha = np.min((1, np.exp(phi(v, T_obs) - phi(u, T_obs))))
        
        if Uni[i] <= alpha:
            lmbda[i + 1, :] = v
            accepted.append(1)
        else: 
            lmbda[i + 1, :] = u
            accepted.append(0)

    print(f'Accepted: {np.mean(accepted)}')
    return lmbda[M_start:, :]

lmbda0 = sample_prior(1).flatten()
post = MCMC(lmbda0, Tref, stepsize=0.02, M=5000, M_start=2000)

Iter 100, accepted: 0.48
Iter 200, accepted: 0.54
Iter 300, accepted: 0.49
Iter 400, accepted: 0.45
Iter 500, accepted: 0.41
Iter 600, accepted: 0.33
Iter 700, accepted: 0.29
Iter 800, accepted: 0.22
Iter 900, accepted: 0.41
Iter 1000, accepted: 0.32
Iter 1100, accepted: 0.31
Iter 1200, accepted: 0.33
Iter 1300, accepted: 0.4
Iter 1400, accepted: 0.3
Iter 1500, accepted: 0.31
Iter 1600, accepted: 0.3
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Modeling uncertainty via Bayesian inference

Comparison of layer-wise UQ approaches: variation of 5 layer values of λ
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Bayesian inference in function space

Function space prior: Samples from Gaussian process on [z0, z∞]
constant mean from data, correlation length 140 m
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Bayesian inference in function space

Posterior distribution: Posterior mean and variability
prior with constant mean (no layer information)
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Bayesian inference in function space

Prior distribution: Samples from Gaussian process on [z0, z∞]
discontinuous mean at 1 layer boundary
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Bayesian inference in function space

Posterior distribution: Posterior mean and variability
last layer jump in prior
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Inferring Uncertain Parameters
Case study: inferring thermal conductivity from observational data

Bayesian inference in function space

Posterior distribution: Posterior mean and variability
low-dimensional state space (smoother realizations)
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Outlook
Data-Free Inference (Berry et al., 2012)

Is it enough to model each parameter independently?

Two bivariate normals
with the same marginals.
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Outlook
Data-Free Inference (Berry et al., 2012)

Is it enough to model each parameter independently?

Their image distributions
under mapping[

X
Y

]
7→

[
X 2 − Y 2

2XY

]
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Conclusions / Ongoing Work

• Probabilistic assessment of parameter uncertainty
• Crucial for assessing variability of simulation inputs
• Combination of geological expertise and statistical computing3

• Model uncertainty in choice of mixing models

Ongoing:
• DFI to recover dependencies between uncertain parameters

(allows reduction in parameter combinations)
• Neural networks for Bayesian posterior via conditional optimal transport

Save the date:
Frontiers of Uncertainty Quantification in Subsurface Environments
September 2026, TU Bergakademie Freiberg (GAMM AG UQ)

Thank you for your attention ,.

3Sibylle I. Mayr et al. “Uncertainty-Guided Interpretation of Thermal Measurements in Sedimentary
Units”. In: In preparation (2025).
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