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Random Fields in UQ for THM Simulations
Context

Many uncertain input parameters vary in space:
• intrinsic permeability (in mass and energy balance, T/H)
• thermal conductivity (in energy balance, T)
• Young’s modulus (in momentum balance, M)

Model these as random variables
• homogeneous: each uncertain quantity Z is a scalar random variable

Z = Z (ω), each realization constant throughout computational domain D;
• heterogeneous: each uncertain quantity Z is random field (a.k.a. random

function, stochastic process) Z = Z (x , ω), x spatial coordinate.

Some uncertain/random quantities not scalar but tensors (symmetric positive
definite matrices). In these cases the random fields are tensor-valued.
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Random Fields in UQ for THM Simulations
Second-order random fields

Common assumptions/notation:

• finite mean
f0(x) = E [Z (x , ·)] , x ∈ D

• finite covariances

c(x , y) := Cov(Z (x , ·),Z (y , ·)) = E [(Z (x , ·)− f0(x)) (Z (y , ·)− f0(y))]

• (Wide-sense) stationarity, i.e., c(x , y) = c(x − y)
• Isotropy

c(x , y) = c(|x − y |) (Euclidean distance)

• (Statistical) anisotropy

c(x , y) = c((x − y)⊤M(x − y)) M symmetric positive definite.

• Gaussian RF: [Z (x1), . . . ,Z (xn)] multivariate Gaussian for any n, {xj}nj=1.

Oliver Ernst (TU Chemnitz) MeQUR: Random Fields URS Retreat Annweiler, 18.04.2023 3 / 16



Random Fields in UQ for THM Simulations
Gauss-Matérn random fields
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Random Fields in UQ for THM Simulations
Karhunen-Loève expansion

Any second-order RF possesses expansion (convergent in L2(D) and L2(Ω;L2(D)))

Z (x , ω) = f0(x) +
∞∑

m=1

√
λm ξm(ω) fm(x), x ∈ D,

[Karhunen(1947)], [Loève(1978)]
• f0(x) = E [Z (x , ·)] mean of Z at x ∈ D;
• {ξm}m∈N pairwise uncorrelated random variables, Var ξm = 1;
• {(λm, fm)}m∈N eigenvalues/eigenfunctions of covariance operator

C : L2(D)→ L2(D), u 7→ Cu, (Cu)(x) =
∫

D
u(y)c(x , y) dy .

Truncated KL expansion

Z (x , ω) ≈ ZM(x , ω) := f0(x) +
M∑

m=1

√
λm ξm(ω) fm(x), M ∈ N0,

is optimal in L2(D).
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Random Fields in UQ for THM Simulations
KL expansion of Gaussian RF

• For Gaussian RF we have ξm ∼ N(0, 1) for all m.
• Truncated Gaussian RF: randomness completely contained in i.i.d. Gaussian

random vector ξ = (ξ1, . . . , ξM).
• Spatial discretization determined by that of covariance operator.

Z ≈ ξ1
√
λ1f1 +ξ2

√
λ2f2 +ξ3

√
λ3f3 +ξ4

√
λ4f4 +ξ5

√
λ5f5 +ξ6

√
λ6f6 + · · · + ξM

√
λMfM
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Random Fields in UQ for THM Simulations
Numerical solution of covariance eigenproblem

• Galerkin discretization Ch ≈ C based on piecewise constant approximation
based on triangular mesh of domain D, mesh width h.

• Results in generalized eigenvalue problem Cf = λMf

[C]i ,j =

∫
D
φj(x)

∫
D

c(x , y)φi (y) dy dx

[M]i ,j =

∫
D
φj(x)φi (x) dx

Difficulties
1 [C]i ,j involves integration of nons-

mooth kernels c(x , y)
2 C dense of size N×N for N DoFs

• storage expensive
• matrix-vector product expensive

3 eigen solver

Solutions
1 Schauter-Schwab quadrature

from BEM community to allevia-
te singularity

2 hierarchical matrices
3 thick-restart Lanczos process
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Random Fields in UQ for THM Simulations
Sauter-Schwab quadrature

[C]i ,j =
∫

D
φj (x)

∫
D

c(x , y)φi (y) dy dx

regular

common vertex

common edge

identical
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Random Fields in UQ for THM Simulations
Sauter-Schwab quadrature

regular (Gauss rule for triangles) common vertex

common edge identical

Quadrature nodes on reference element pairs [Sauter & Schwab(2011)].
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Random Fields in UQ for THM Simulations
Hierarchical matrix approximation of C

• Arrange DoF in clusters.
• Low-rank approximation of far-field cluster blocks.
• For N DoF results on O(N logN) complexity for assembly, storage and

matrix-vector product. [Hackbusch(2015)]
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Random Fields in UQ for THM Simulations
Hierarchical matrix approximation of C
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Complexity of matrix assembly and matrix vector multiplication
reduced from O(N2) to O(N logN).
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Random Fields in UQ for THM Simulations
Thick-restart Lanczos eigensolver

• For KL expansion: need only M dominant eigenpairs of C.
• Hierarchical matrix approximation makes assembly and matrix-vector pro-

ducts inexpensive.
• Ideal setting for Krylov subspace-based eigensolvers.
• Covariance operators symmetric positive definite: can use Lanczos process

based on short recurrences.
• Thick-restart variant [Wu & Simon(2000)] allows iterative refinement of tar-

get eigenspaces.
• Developed extensions for generalized eigenvalue problem, block methods for

multiple eigenvalues.
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Random Fields in UQ for THM Simulations
Software tool kleme

• kleme (KL expansion made easy) C++ software library for efficient solution
of covariance eigenvalue problems for use with THM simulator OGS.

• Based on highly optimized packages Eigen, HLIBpro, SpectrA, SlepC.
• Available on TUC Gitlab server, includes DOXYGEN online documentation.

kleme components.
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Random Fields in UQ for THM Simulations
kleme minimal working example

kleme: C++ library for generating random fields – Chao (Charlie)

MINIMAL BUT COMPLETE DEMO
#include <kleme.h>
int main(int argc,char **argv)
{

// parse mesh
kleme::Mesh mesh(argv[1]);

// define dofhandler to handle mesh and basis function
kleme::DofHandler dofhandler(mesh, 0);

// create and assemble mass matrix
kleme::Mass m_matrix(&dofhandler);
m_matrix.assemble_matrix();

// prepare quadrature rule and kernel for later use
// in assembling stiffness matrix
kleme::Quadrature quad(mesh.get_dim(), 2);
kleme::ExponentialKernel kernel(1, 0.1, 45, 0.5);

// create and assemble stiffness matrix
kleme::StiffnessHmatrix k_hmatrix(&dofhandler, &kernel, &quad);
k_hmatrix.assemble_matrix();

// create solver
kleme::SLEPc_Solver solver_hmatrix(&k_hmatrix, &m_matrix);
int no_of_eigens = 100;
solver_hmatrix.solve(no_of_eigens);

// postprocess
kleme::Postprocess postprocess(&dofhandler);
postprocess.write_vtk(slepc_solver.eigen_vectors, "slepc_eigens.vtk");

return 0;
}
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Summary and Outlook

Summary
• Extend to multiple RF in THM simulation, 3D
• KL expansion versatile approach for generation of RF samples of non-

homogeneous spatial inputs.
• Scalable computational approach requires adapted quadrature, hierarchical

matrices and Krylov-based eigensolver.
• Software tool kleme for incorporation in THM simulator OGS.

Current Work
• RF sampling by solving linear fractional SPDEs [Lindgren & al.(2011)]:

(−∆+ κ2)α/2Z (x) = G (x), G Gaussian white noise

• "Data-free inference"[Berry & al.(2012)] for accounting for correlations in
input parameters in the absence of distribution information.
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